Abstract. Let ρ : Gal(Q/Q) → GL 2 (F 3 ) be a residual representation with cyclotomic determinant and splitting field of degree at least 16. First we show that ρ is isomorphic to the Galois representation attached to the 3-torsion points of an elliptic curve which is modular. Then we discuss some facts about minimality of conductors.
Introduction
Let ρ : Gal(Q/Q) → GL 2 (F p ) be an odd irreducible representation. As the modular deformation theory of residual representations shows, whenever ρ is modular it can be attained by infinitely many weight 2 newforms lying in the Hecke algebras for Γ 1 (N ) , with N being divisible by the primes at which ρ is ramified. To each of these newforms correspond a modular abelian variety which is isogenous to a factor of the jacobian variety J 1 (N ) .
On the other hand, Serre [S] has conjectured that any such ρ is modular. This is known for Galois representations to GL 2 (F 2 ) and GL 2 (F 3 ), due to a theorem of Langlands [La] and Tunnell [Tu] ; the first case going back essentially to Hecke. Recent results of Shepherd-Barron and Taylor [SB-T] show that this is also true for icosahedral representations to GL 2 (F 4 ) and GL 2 (F 5 ) with some ramification conditions.
In this paper, we will focus our attention on the octahedral case. More precisely, we will consider residual representations ρ : Gal(Q/Q) → GL 2 (F 3 ) with cyclotomic determinant and splitting field of degree at least 16.
In the first sections, our aim is to show that in this case the modularity of ρ can be attained by a modular elliptic curve.
Theorem 1. Let ρ : Gal(Q/Q) → GL 2 (F 3 ) be a Galois representation with cyclotomic determinant and splitting field of degree at least 16. Then there is a modular elliptic curve E/Q such that ρ is isomorphic to ρ E,3 .
The key point is to take advantage of considering the projective Galois representations instead of the linear ones. The proof of the theorem goes as follows. Associated with the projective representation
we consider the moduli space PX(3,ρ) which classifies isomorphism classes of elliptic curves whose projective Galois representation attached to the 3-torsion module is isomorphic toρ. An explicit description of this moduli space can be found in [L-R] . Then, we study the behavior of Wiles' hypothesis in [W, Theorem 0.3] over the elliptic curves which correspond to the rational points of PX(3,ρ). Finally, we are well placed to show the existence of a modular point in PX(3,ρ) which, using the fact that two linear liftings differ by a quadratic twist, produces the modular curve E as in the statement.
In the last section, we discuss some facts concerning the minimality of the conductors of the elliptic curves over Q whose 3−division points realize the linear liftings of the projective representationρ.
To end this introduction we recall that recent results of Wiles [W] , Taylor-Wiles [T-W] , and Diamond [D] ensure the Shimura-Taniyama-Weil conjecture for a large class of elliptic curves over Q, and that more work and new methods seem to be needed in order to provide a complete proof of the conjecture. In the meanwhile, we have the following corollary which is hoped to be antiquated in a not-too-distant future: Note that the hypothesis cover all the cases where ρ E,3 is irreducible except for the image being isomorphic to the dihedral group of order 8, which corresponds to the discriminant of the elliptic curve being a cube and the polynomial giving the x-coordinates of the 3-torsion points of E factoring as two irreducible quadratic polynomials over Q.
The moduli space PX(3,ρ)
Letρ : Gal(Q/Q) → PGL 2 (F 3 ) be a projective Galois representation as above, i.e. having a linear lifting with cyclotomic determinant and splitting field of degree at least 16. The explicit model of the moduli space PX(3,ρ) given in [L-R] for the surjective case works as well under our current hypothesis onρ. In particular, we know that all the linear liftings ofρ into GL 2 (F 3 ) are elliptic. That means that each one of these liftings is isomorphic to the Galois representation ρ E,3 attached to the 3-torsion points of some elliptic curve E over Q.
The rational points of PX(3,ρ) are in one-to-one correspondence with the elliptic curves over Q (up to twists) giving the elliptic linear liftings of the fixedρ. We recall that PX(3,ρ) has two irreducible components of genus zero and a model of PX(3,ρ) can be given as follows:
where E/Q : y 2 = x 3 + a x + b is an elliptic curve producing a linear lifting ofρ. Finding an explicit Weierstrass equation for E requires only to represent zero by a quadratic form attached to a polynomial describinḡ ρ.
The conics C 1 and C 2 can be parametrized by:
and the corresponding elliptic curves (up to twists) have Weierstrass equations
where A i (t) and B i (t) are the following polynomials: 
As for the discriminants, we have
is the polynomial giving the x's coordinates of the 3-torsion points of E.
From these formulas, it follows straightforward that the four intersection points of the conics are the cusps of PX(3,ρ). Although rational values of t already parametrize all the rational elliptic curves we are interested in, it is worth noting that nonrational (though algebraic) values of t yield rational values of the corresponding j-invariants:
for instance one can have j 1 (t 1 ) = j 2 (t 2 ) with t 1 rational, but not t 2 . Thus what we have is two forgetful morphisms j i : C i → P 1 of degree 12. The two irreducible components of PX(3,ρ) reflect the isometric and anti-isometric isomorphisms (with respect to the Weil pairing) between the 3-torsion modules of the elliptic curves over the two conics. We refer to [Ru-Si] for a slightly different parametrization of the family of elliptic curves with constant mod 3 Galois representation and fixed Weil pairing.
Deformations of elliptic type
Let E over Q be an elliptic curve and consider ρ :
We shall say that E is of Wiles' type if the following three conditions hold:
W1) E has good or multiplicative reduction at 3, W2) ρ is absolutely irreducible when restricted to Gal(Q/Q( √ −3)),
As usual, here D q denotes a decomposition group at q and I q its inertia subgroup. By [W, Theorem 0.3] , the above conditions ensure the modularity of the elliptic curve E though, as the improvements in [D] show, condition W3 is actually not needed.
Our goal now is to study the behavior of conditions W1, W2, and W3 over the family of elliptic curves attached tō
which is assumed to be as in the previous section. We fix some notation. Let E : y 2 = x 3 + a x + b be an elliptic curve over Q such that ρ :
) is a lifting ofρ. As before, denote by f (x) the monic quartic polynomial giving the x-coordinates of the 3-torsion points of E. The field obtained by adjoining a root of f (x) will be denoted by K 1 .
We are going to begin with the analysis of conditions W2 and W3 since they are projective properties in the sense that they depend only onρ. In others words, W2 and W3 are contagious properties over the conics, whereas condition W1 is certainly not.
The condition W2 concerns with how big is the image of the absolute Galois group under the morphism ρ and it can be rephrased in different ways. Under our assumptions onρ, we have two disjoint cases. In the surjective case the restriction of ρ to Gal(Q/Q( √ −3)) has image isomorphic to SL 2 (F 3 ), hence it is absolutely irreducible. In the other case, the image of the linear liftings is the 2-Sylow subgroup of GL 2 (F 3 ), and the restriction has image isomorphic to the quaternionic group, being also absolutely irreducible. Now, let us discuss the condition W3. For the sake of simplicity, we are going to restrict ourselves to the case whenρ is surjective. Proposition 1. Assume thatρ is as above and surjective. Let q be a prime, with q ≡ −1 (mod 3). Then the following statements are equivalent:
is not isomorphic to the dihedral group of order 8.
The proof of the proposition rely on the study of all possible chains for the higher ramification groups at different primes q in the splitting field of ρ, which under the assumptions is an extension of Q with Galois group isomorphic toS 4 GL 2 (F 3 ). Of course, the most intricate case is q = 2 where the determination of all the extensions of Q 2 having Galois group a subgroup of GL 2 (F 3 ) is needed. All this is accomplished by one of the authors in [R] .
Observe that from ii) in the above proposition we get another description of the projective nature of condition W3. Now we translate this result in terms of the geometry of the elliptic curve E. ≡ 1 (mod 4).
Here E (2) stands for the twisted elliptic curve obtained from E by the quadratic character of Q( √ 2), ∆ and j being the discriminant and the modular invariant of E. If q is an odd prime, the claim follows easily along the lines in [R] . We shall sketch the proof for q = 2, which is more elaborated. We are going to make use of the following lemma for which we are grateful to Montes [M] ; its proof is done case-by-case using the Newton polygon method. 
If we add that E (2) has Kodaira type III * at 2, then we get also
Hereafter the b s and c s are referring to the standard formulae for elliptic curves and the above valuations can be read in [C] . Therefore, x with d 4 = c 4 /2 5 and d 6 = c 6 /2 7 . On the other hand, we have v 2 (∆) = 9 since we also assume that v 2 (j) = 6. Thus, we can write
Moreover, together with the congruences mod 4 we get c 4 /2 5 ≡ 1 (mod 4) and v 2 (c 6 ) = 8. From this, we have
Therefore, the lemma applies to the polynomial f and we see that the decomposition of 2 in K 1 is p 2 p 2 .
Now we assume the prescribed decomposition for 2 in K 1 . Consider a model of E : y 2 = x 3 + A x+ B with A and B integers. Thus, x 4 + 2 A x 2 + 4 B x − A 2 /3 is a polynomial defining K 1 . By performing the change of variable x by 2x as many times as needed, we get another polynomial x 4 + a x 2 + b x − a 2 /12 which defines the same extension K 1 , has 2-adic integer coefficients, and v 2 (a) ≤ 2 or v 2 (b) ≤ 2. By the lemma, we must have v 2 (a) = 2, v 2 (b) = 5, and a/4 ≡ 1 (mod 4).
The Weierstrass equation y 2 = x 3 + a/2 x + b/4 is either a model for E or E (2) , and y 2 = x 3 + 2 a x + 2 b for the other. Performing Tate's algorithm it is easy to check that they are 2-minimal models, the first case corresponding to Kodaira type III and the second to III * . From the first equation, one computes c 4 = −24 a and c 6 = −216 b. Hence, we also deduce v 2 (j) = 6 and the congruences in the statement. Finally, let us be concerned with condition W1. To this end, we are still denoting by E an elliptic curve over Q providing a lifting ofρ. Let {E i,t } be the double family of elliptic curves associated withρ as in section 2.
Proposition 3. There exists at least one t 0 ∈ P 1 (Q) such that E 1,t 0 has good or multiplicative reduction at 3.
The proof is done case-by-case. Since the elliptic curves under consideration are defined up to twist, we can (and do) change E = E 1,∞ by its twist by Q( √ −3) in order to have a model y 2 = x 3 + A x + B with v 3 (A) ≤ 1 or v 3 (B) ≤ 2. Then, by performing Tate's algorithm over the elliptic curves E 1,t we check that the values of t given in the following table lead to a curve having a twist semistable at 3:
Alternatively, we can use the following algorithm to find an elliptic curve E s in the family {E 1,t } having a twist semistable at 3. Start with E s = E. If E s does not satisfy the property, then compute E 1,0 (using E s as the defining point E 1,∞ ) and reset E s = E 1,0 . If we repeat this process, after at most two steps we will get the desired elliptic curve. In this way we can restrict ourselves to the values t = ∞ and t = 0.
Remark 3. A standard argument which involves Krasner's lemma enables one to show the existence of infinitely many values of t satisfying the claim in the proposition above, just by taking values of t 3-adically close enough to t 0 .
While this paper was in preparation, the authors learned from Diamond that hypothesis W3 in [W, Theorem 0.3] 
Minimality and ellipticity
In this section, we discuss some facts concerning the minimality of deformations ofρ in the sense of Ash-Stevens, Gross, Ribet, Wiles and others.
We start with a surjective representationρ having linear liftings ρ with cyclotomic determinant:
To each lifting ρ one attaches three invariants: the level N (ρ), the weight k(ρ), and the character (ρ), by means of a general recipe given by Serre in [S] . We refer to the paper of Serre for the precise definition and recall here some facts concerning our situation.
• Level: For any prime l = 3 and i ≥ 0, let G i be the ramification groups of ρ at l and
where g i = #G i and V is the space of the representation ρ. Then the level is defined as the conductor
In our case, we have always tame ramification at primes l = 2, 3.
• Weight and character : Since the determinant of ρ is the cyclotomic character χ : Gal(Q/Q) → F * 3 , from the formula
we obtain that the character is trivial and the weight is even.
To the whole family of liftings we can also attach two invariants. Let N (ρ) be the minimum among the conductors N (ρ) when ρ ranges over all liftings ofρ into GL 2 (F 3 ), and k(ρ) the minimum among the weights. Both of them are explicitly computable in terms of a quartic polynomial definingρ as it is shown in [R] . If the minimal weight is k(ρ) = 2 we will say thatρ is flat, otherwise we have k(ρ) = 4.
Let us now fix a lifting ρ having N (ρ) = N (ρ) and k(ρ) = k(ρ). Using again the theorem of Langlands and Tunnell, on one hand we have that ρ is modular. On the other hand, ρ is not induced from a character of Gal(Q/Q( √ −3)). Then, Diamond asserts in [D2, Corollary 1] that it satisfies Serre's arrangement of type as predicted by conjecture (3.2.4 ? ) in [S] . Therefore, associated with ρ, there is a classical cusp form f of weight 2 for the modular group Γ 0 (N (ρ)) or Γ 0 (3N (ρ)), according to whetherρ is flat or not, with the following properties:
• f is an eigenvector for the Hecke operators T and U q ,
Here ρ f,p denotes the Galois representation which corresponds to the pair (f, p), where p | 3 is a prime ideal in the ring of integers O of the number field generated by the Hecke eigenvalues of f . The existence of this modular deformation can be read, for instance, in [G, Proposition 9.3] . It is worth noting that the weight 2 eigenform f producing a modular deformation of ρ is in general non unique.
At the same time, as we have mentioned before, the lifting ρ comes from the 3-torsion points of some elliptic curve (in fact, from infinitely many). Let E be one of these elliptic curves attached to ρ and denote by N E its geometric conductor. By the results in [B-L] , the possible differences between the conductors N E and N (ρ) are controlled. We have
where v is the standard valuation at primes = 3. It would be interesting to relate the results in the previous sections with the above. Namely, we ask whether it is true that a modular elliptic deformation ofρ comes from an elliptic curve of conductor N (ρ) or 3N (ρ), depending on the flatness property.
Numerical experiments seem to indicate that almost always this is true, but as the following example shows this can not be expected in general.
Consider the polynomial f (x) = x 4 − 12 x 2 − 21 x − 12 which has Galois group isomorphic to S 4 and discriminant −3
2 . The splitting field of f (x), say K, is of elliptic type in the sense of [L-R] . Therefore we can construct the representationρ : Gal(K/Q) → PGL 2 (F 3 ) and consider all its elliptic liftings. The minimal level turns out to be N (ρ) = 71 and the minimal weight k(ρ) = 2. But no elliptic curve of conductor 71 exists (see [Br-K] ). In this example, there are two newforms for Γ 0 (71):
where α 3 − 5α + 3 = 0, which yield the minimal deformations ofρ when one takes the prime ideal over 3 generated by α. They give rise to two abelian varieties of dimension 3 which are absolutely irreducible factors of the Jacobian variety J 0 (71).
In order to find a "minimal" elliptic deformation ofρ one should take the elliptic curve of conductor 2 · 71 given by the Weierstrass equation
, which has 2-Kodaira type I 6 .
Nevertheless, in this particular example we can also find an elliptic curve with conductor a power of 3 times 71 which has the desired property. Namely, the elliptic curve y 2 + y = x 3 − 6 x + 5 has conductor 3 3 · 71 and its projective Galois representation on the 3-torsion module is isomorphic toρ.
In general, one can expect the following statement to be true. Numerical evidence has been collected by computations over all the quartic fields of discriminant (in absolute value) up to 10 6 for which a Galois representation ρ : Gal(Q/Q) GL 2 (F 3 ) with cyclotomic determinant can be constructed. The following table is the beginning of this list of examples. The first two columns display the discriminant and a polynomial for the corresponding quartic field. The third and fourth columns contain the minimal weight and the minimal level, respectively, and the last shows an elliptic curve as predicted by the conjecture. 
